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Some of the most fascinating conjectures in the representation theory of 
finite groups still remain open, namely: 
I. The number of irreducible characters in a p-block is less than or 
equal to the order of the defect group. 
II. The p-part of the degree of any irreducible character of a p-block is 
exactly the index of its defect group in a Sylow p-subgroup containing it if 
and only if the defect group is abelian. 
Both of these conjectures have been verified for D cyclic by Dade [9] or 
1 D 1 <pz by Brauer and Feit [7] (for proof see Brauer [3, II]). In addition, 
the first conjecture has been verified if the inertial index of the block is 1 (see 
Brauer [4, IV]), while the second conjecture has been partly verified for p- 
solvable groups by Fong. 
In one of several discussions I had with R. Brauer in 1974, he suggested to 
find a verification of these conjectures in the case of a principal 2-block with 
H, @ Z, @ Z, as defect group without involving the classification of groups 
with this Sylow 2-subgroup, from which the conjectures may quite easily be 
checked to hold. In [ 181, Ward was forced to do this for groups of Ree-type 
anyway, but the computations were quite involved, and the very special 
properties of these groups, including their order, were used heavily. 
In Theorem 2 of Section 2, we prove that the first conjecture holds in 
general for any defect group of order (less than or) equal to 8, while 
Theorem 8 of Section 3 states that the second conjecture hold if the block in 
addition is assumed to be principal. We shall not depend in our work on the 
classification of these groups. In particular we give an alternate and shorter 
proof of the result in [ 181 mentioned above without using any other property 
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of the groups of Ree type than the fact that the inertial index of the defect 
group of the principal block is 21. We end the section by describing prin- 
cipal 2-blocks of finite groups with no subgroup of index 2 and an 
elementary abelian Sylow 2-subgroup of order 8. 
Finally, Section 1 contains some easily deduced general facts on the 
number of characters in a p-block (where p is not always 2). 
1. GENERAL RESULTS 
Notation 
Let G be a finite group, (F, R, S) a modular system of G, char F =p, and 
char S = 0. Furthermore, let B be a p-block of G defined by this system, e, 
the corresponding idempotent of F[G], and e^, the corresponding idempotent 
of R [G]. Let D be a defect group of B, of order pd. 
Let x, ,..., xk denote the ordinary irreducible characters of B in the case S 
is a splitting field, and let ki = k,(B) denote the number of these of height i. 
Here the height ij of x, is determined by xj( 1) =~=-~+~jq, q prime to p, where 
the order of a Sylow p-subgroup is pa. Moreover, we set 1= I(B), the number 
of simple modules in characteristic p of B, and k = k(B) the number of 
ordinary irreducible characters of B. By Char(B) we mean the Z-span of the 
xts in B. 
For any character x E Char(B) define 
x*(x> = PdX(-K) for x p-regular 
=o otherwise. 
Also, if x is irreducible, we let ek) E {-I, 0, 1 } denote the 
Frobenius-Schur value of 1. 
Finally, we denote the prime ideal of R by R. If T is any R [ G]-module, we 
set T = f/r&. If H < G, i, denotes the trivial R [HI-module, while ZH denotes 
the trivial F[H]-module. S[H]-modules will be identified with their 
characters and 1, will denote the trivial character of H. 
For classical results, which we use without special reference, we refer the 
reader to Dornhoff [IO] and Feit [ 111. 
The following proposition is essentially due to Brauer [ 11, and Brauer and 
Feit [7]. (See [ 10, Lemma 62. I].) 
PROPOSITION. (a) x: E Char(B)jbr all s = 1, 2 ,..., k, 
(b) k,#O while ki=Ofor i>d-2>0. 
Assume in the following that xr, is of height 0. 
48 I :fw2 I3 
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(c) ~,,~:‘,)~,(l)~~,,~r*,)~s(l) modpa-d+‘s+‘forafl s= 1,2,...,k. 
(4 U/P)X~ g CWW. 
(e) (,y,*,, x,) # 0 for all s’= 1, 2 ,..., k. 
(f) 01,,, x,*,1 k 0 mod P. 
We first deduce a number of easy consequences, some of which are well 
known, although the proofs may be different. 
COROLLARY 1.1 (Brauer and Feit [7]). Same notation as in proposition. 
The p-part of (x,, x,*,) is exactly pi”. 
Proof By (c), (e), and (f). 
In the following, let 
(l-1) 
for any r = l,..., k. 
COROLLARY 1.2. (Brauer and Feit [7]). (i) k(B) < a(pzd - 1) + lforp 
odd, 
(ii) k(B) < 22’d-‘)jbr p = 2, d > 1. 
ProoJ: By (1.1) 
(1.2) 
Hence, choosing xr, of height 0, 
k(B) < c a;,,, + 1 =~~a,,,, - a&, + 1 
S#Io 
(1.3) 
by (e). The right-hand side assumes its maximal value for aroro =pd/2. As 
a rarO E N and p does not divide ardo by (f), the corollary follows. 
The following corollaries have not appeared before: 
COROLLARY 1.3. Assume p = 2 and d > 1. Then 
(i) k,(B) E 0 (mod 4). 
(ii) Assume k,(B) # 0. Then k,(B) is 
(1) odd ifk,(B)&O (mod8), 
(2) even if k,(B) = 0 (mod 8). 
(iii) Assume k,(B) = 0. Then k,(B) = 2d (mod 8). 
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Proof: This follows immediately from Corollary 1.1 and (1.2), since 
a2 E 1 (mod 8) for any odd number d. 
The first part of the following corollary was pointed out to the author by 
H. I. Blau as a consequence of Corollary 1.3. 
COROLLARY 1.4. Let p = 2, d > 2, and assume that kd-2 # 0. (By (b), 
k,- , = k, = 0). Then 
0) k,(B) = 4, 
(ii) kd-2(B) < 3. 
Proof: Let xI be of height d - 2. By Corollary 1.3, B has at least four 
irreducible characters of height 0, say x,,...,x4. Hence 2d-2 divides ari, 
i = l,..., 4 by (c). Now, by (1.2) 
4 
v a;, + x a;, = 2da,, - aFr < 22’d-“. 
12 i>4 
i+r 
(1.4) 
But 
+ 
- art0 
2 > 4 . 22’d-2’ = 22’d-1’ 
(1.5) 
i=l 
This implies that the last summation in (1.4) equals 0, i.e., k,(B) = 4, and 
that ar, = 2d-L, ari = f2d-2, i = l,..., 4. In fact we have proved 
LEMMA 1.5. Let xr be an irreducible character of height d - 2 and 
x,,...,x4 the irreducible characters of height 0 of the 2-block B. Then there 
exist signs 6, ,..., 6, such that on any element of odd order 
xr= s 4X,. (1.6) 
i=l 
Finally, we observe the following by quite similar methods: 
COROLLAR 1.6. Let p = 3. Then k,(B) = 0 (mod 3). 
We end this section with a result obtained by a different counting 
argument but again with the aim of bounding k(B). 
A previous version of the following lemma had stronger assumption. The 
present version is a result of suggestions made by the referee and Paul Fong. 
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LEMMA 1.7. Let B be a p-block of G with abelian defect group D. Let 
I(D) be the inertial subgroup of B in N,(D). Assume that 
C,(a) n I(D) = C,(D) (1.7) 
for some 01 E D#. Let b be a root of B in C,(a). Then l(b) = 1 and 
1 ldJ* = IDI, 
I 
(1.8) 
where the di are the higher decomposition numbers of the irreducible 
characters of B w.r.t. b, all of which are non-zero. In particular, k(B) < 1 D I. 
Proof By hypothesis, b has inertial index one so by [4, IV(6G)], 
f(b) = 1, and the Cartan matrix equals {IDI). Thus (1.8) follows. 
Furthermore, di # 0 for all i by [3, 11(4C)]. Set a = ni ] dtl* and k = k(B). If 
BPi, i = 1 ,-**, r are the algebraic conjugate of B, then r 1 D 1 > rk 1 ni apil’rk’-’ > 
rk by (1.8), as ni api E Z\(O), and the last statement follows. 
6. ARBITRARY ~-BLOCKS WITH DEFECT GROUPS OF ORDER 8 
Our first observation is an immediate consequence of Corollaries 1.3 and 
1.4 with d-2= 1. 
LEMMA 2.1. Assume pd = 8. Then one of the following occurs: 
0) k(B) = k,(B), 
(ii) k,(B) = 4, k,(B) = 1, k(B) = 5, 
(iii) k,(B) = 4, k,(B) = 3, k(B) = 7. 
THEOREM 2.2. Let B be any 2-block with a defect group D of order 8. 
Then k(B) < 8, i.e., the first conjecture holds in this case. 
Proof In view of Brauer [5] and [4, IV(6G)] and Olsson [16], only 
D=Z*@Z*@.Z* and inertial index e # 1 has to be considered. (The 
elementary methods used below would actually handle all other excluded 
cases as well, but we are mostly interested in the elementary abelian case 
anyway.) Thus e equals 3, 7, or 21 by the structure of GL(3,2), and we may 
assume that k(B) = k,(B) in view of Lemma 2.1. 
Assume first that e = 7. We then are in a situation considered in Lemma 
1.7. As all decomposition numbers are odd, it follows immediately that they 
all equal il, i.e., k(B) = 8. 
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Assume therefore that 3 divides e. Choose 5 E D# such that 
C,(D) < C,(r) n N,(D). (2.1) 
Then, by [4, IV(7D)] y an root of B in C,(r) has three irreducible Brauer 
characters. Furthermore, again by [4], we may choose a basic set of this 
root such that its Cartan matrix equals 
I 4 2 2 (2.2) 2 4 
1 
2 
I 
= {Cij}. 
2 2 4 
This forces any generalized decomposition number to be -1, 0, or 1. So any 
column contains exactly four entries different from 0. Since clZ = c,~ = 2, 
this implies that 
4<k(B)<4+2+2=8 (2.3) 
by considering the product of’the first column of decomposition numbers 
with the two others, and the proof is complete. 
By Theorem 2.2 and Corollary 2.3, the second conjecture reduces to the 
following for pd = 8: 
Conjecrure. Let B be a 2-block with a defect group D of order 8. Then D 
is abelian if and only if k(B) = k,(B) = 8. 
We shall give one contribution in the general case and in the next section 
prove that this conjecture holds for any principal block. 
LEMMA 2.3. Let G be a finite group and B a 2-block of G with abelian 
defect group E,. Assume that the inertial index of D is 3. Then 
k(B) = k,(B) = 8. 
Proof: It follows from the assumption that B has exactly three proper 
subsections (see Brauer [6, (60)]). Let the corresponding elements be r,, r2, 
and r3. Since e = 3, we may assume that T, the inertial group of a root of B 
in C,(D) is contained in the centralizer of one of these involutions, say 5,. 
Thus the subsections contribute .with 
k(B) - I(B) = 3 + 1 + 1 (2.4) 
by [6, (6D)] and [4, IV(7D)]. In particular, k(B) > 5. Let b, be a root of B 
in C,(r,). Then 6, has exactly one irreducible Brauer character, and the 
Cartan matrix is (8 }. Let di denote the generalized decomposition number of 
xi w.r.t. this block. Then C ld,l’ = 8, and by [3, 11(4C)], di # 0 for all i. This 
forces k(B) equal to 5 or 8. But 5 has already been disposed of. Hence 
k(B) = 8 and thus k(B) = k,(B) by Lemma 1 above. 
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3. PRINCIPAL BLOCKS OF FINITE GROUPS WITH AN 
ELEMENTARY ABELIAN SYLOW ~-SUBGROUP 
Our first observation is a special case of a much more general result (see 
[ 12, Theorem 10.91). For the sake of completeness, we give a short proof in 
our case. 
LEMMA 3.1. Let G be afinite group with an elementary abelian Sylow 2- 
subgroup. Then ek) equals 0 or 1 for any irreducible character x of G. 
Prooj By a result of R. Brauer (see Curtis and Reiner [8, p. 477]), it 
suffices to consider irreducible characters of subgroup of the form AB = H, 
where A = O(H) and B is a 2-group. Let 4 be an irreducible character of H. 
Then 
(3.1) 
Let (a)} form the set of involutions of B. Since H is 2-nilpotent and B is 
abelian, these involutions represent the conjugacy classes of involutions in H. 
We now compute 
Thus s(r) > 0, as claimed. 
To simplify our computation in the following lemma, we assume that G 
has a elementary abelian Sylow 2-subgroup of order 2” and only one 
conjugacy class of involutions. Let r be any involution of G, C = C,(r). 
Moreover, let {qua} be any basic set of the principal block b of C, 9, the 
trivial character. Let (y,,) be the inverse of the Cartan matrix of b. 
Furthermore let < be any non-trivial irreducible character of the principal 
block of G, and let {d,} be the generalized decomposition numbers of < w.r.t. 
luljl* 
LEMMA 3.2. With the above notation, 
E(E)=-TYildj+$(5, I*),, (3.4) 
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where 1* is defined in the Introduction, while 
Yll = $ (1GV 1*1,. 
Proof: 
=-h 1 C(x) + h x r(w)‘) 
A-even xsc 
x odd 
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(3.5) 
(3.6) 
If r= 1,, we have to add 1 on the right-hand side and obtain (3.5), as 
&(lG) = 1. 
This lemma will be applied in the following way: Let K E Char(B), B the 
principal block of G, and assume that x(x) = 0 for any x E G of even order. 
Let x = Ct z,xl, x1 the irreducible characters of B. Then 
which number may be computed by means of the lemma. 
We need one more general fact, which really is an observation due to 
Scott [ 17, Proposition I]. 
PROPOSITION 3.3. Let H, K be subgroups of G. Let ii% resp., @ be an 
indecomposable direct summand off”, resp., 1”, . Then 
Hom,,,,(M N) = HomRIGI(fi, NJ/n HomRIGI(fi, NJ. (3.8) 
Proof: Same argument as in the proof of Proposition 1 of [ 171. 
LEMMA 3.4. Let G be aflnite group with D 2 Z, @ Z, @ Z 2 as Sylow 2- 
subgroup and B the principal 2-block of G. Assume the inertial index e of B 
is 7. Then k(B) = k,,(B) = 8. 
ProoJ Clearly B has exactly one proper subsection, which has only one 
irreducible Brauer character, and the Cartan matrix of this subsection is 18). 
By Lemma 1.7 either the lemma holds or k(B) = 5. Assume therefore that B 
consists of the characters x, = 1, x2, x,, and x4 of height 0 and x5 of height 
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1. Let T E D# and C = C,(T). As e = 7, C is 2-nilpotent. Let K = O(C), i.e., 
C = KD. Moreover the generalized decomposition numbers of x, ,..., x5 w.r.t. 
T are 1,6,, I&, a,, 26,, di a sign. We now compute 
But x5 takes the value 26, on any element of even order, and the number of 
elements of even order in C equals a 1 Cl. Thus (3.7) yields 
(3.10) 
As x5 is the only irreducible character of B of height 1, ck5) = 1 by Lemma 
3.1. Hence we obtain from Lemma 3.2 and (3.10) that 
1 = dx5) = i(-2& + h7 Id)’ (3.11) 
Thus kSIK, lK) = 8 + 26,. Hence 6, = 1 by (3.10). By orthogonality, 
Cf=I ECYi) Xi(T)=O* Th is in turn forces ebi) = 1 and di = - 1, i = 2, 3, 4. 
We next compute 
015, l,)= 3, Cvil 1,)=o, i = 2,3,4. (3.12) 
Thus (IF)&= 1 +3x5. Since we have Green correspondence between 
C, = C,(D) and C w.r.t. D, 
I& = I, @ (Z, @ Z ,)-projectives. 
Moreover for N = N,(D), 
(3.13) 
I&, = IN @ E, @ . -. @ E, (3.14) 
by Clifford theory, as N/C, = Z, , where E, ,..., E, are the non-trivial simple 
(l-dimensional) modules of the principal block of N. Hence Green 
correspondence implies that ee, has at least seven components, namely, ZG 
and the Green correspondents of E,, i = 2,..., 6. Moreover, 
~,=fN@E2@--@& (3.15) 
where I?!/&, = Ei. This shows that IF;,, is the sum of at least seven 
characters, a contradiction. 
We now come to the heart of the problem. Assume in the rest of this 
section that D is elementary abelian of order 8 and that the inertial index of 
B, the principal 2-block of G, is 21. We shall make heavy use of the 
following, which is due to G. Glauberman. 
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THEOREM. Let H be a finite group with an elementary abelian Sylow 2- 
subgroup of order 4. Assume that H is not 2-nilpotent. Then two of the three 
simple modules of the principal 2-block of G are algebraic conjugates. 
Proof. See Landrock [13]. 
Again let r E D*, C = C,(r), C, = C,(D), and N = N,(D). Then 
N/C,, = F,, , the Frobenius group of order 21. The principal block of F[N] 
has five simple modules, denoted by their degrees: I,y, 1, l*, 3, 3*. Here l* 
and 3” are the duals of 1 and 3. We shall use the fact that 3 and 3* are not 
algebraically conjugate (see Landrock and Michler [ 151). Furthermore, 3 is 
liftable. Let 3 = 3/n% 
Let g denote Green correspondence from N to G. Then 
LEMMA 3.5. 
(i) (~)~o==i,0g(3)Og(3)*O~, 
(ii) (C) e, = 1, @g(3) 0 g(3)* 0 X 
where d and X are (Z, @ Z,)-projective. 
Proof As we are considering permutation modules, (i) and (ii) are 
equivalent by Scott [ 17, Proposition 11. 
Let K = N r‘l C. We then have Green correspondence from K to C. Hence 
r’, = I, 0 (Z, @ Z,)-projectives 
Furthermore 1 N:KI = 7 and K/C, 2: Z,. Clearly, 
(3.16) 
z;=zN@3@3*. (3.17) 
The lemma now follows from (3.16) and Green correspondence. 
As mentioned earlier; a root of B in C has three irreducible Brauer 
characters 1 c, (o, and pZ, where p, and p’z are algebraically conjugate. 
Moreover, as mentioned in the proof of Theorem 2.2 we may choose a basic 
set {wo, IV,, wZ) of this root, namely, w. = 1, (case (a)) or v. = -1, (case 
(b)) and v,, wZ algebraically conjugate irreducible characters, such that the 
Cartan matrix and its inverse are of the form 
This shows that if k(B) # 8, we are in case (iii) of Lemma 2.1. Now, as w1 
and wZ are algebraically conjugate, it immediately follows that with suitable 
notation, the matrix of generalized decomposition numbers have the form 
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‘VO WI w2 
Xl 
x2 
X3 
x4 (3.19) 
X5 
x6 
Xl 
where ai is a sign, i = 1,2,3 and 6, = 1 in case (a), 6, = -1 in case (b). 
Moreover v, = V2, the dual of v/z in case (a) and (b) cy, = @, , self-dual, in 
case (b). 
LEMMA 3.6. Assume case (a) occurs. Then k(B) = k,(B) = 8. 
Proof. Then (p, = I& and x2 = &, x5 = I6 by (3.19). Moreover, as 
1 + &x2(x) + 4X3(X)-&X4(X) = 0 (3.20) 
for any x of odd order by (3.19), and any square of G has odd order, this 
yields 
1 + 6, &(X2) + 6, E(&) - 6, &(X4) = 0. (3.21) 
As &k2) = sk3) = 0 and &(X4) = 1 by Lemma 3.1, this forces 6, = 1. By the 
same argument, using the second column of (3.19), 6, = 1. Using Lemma 3.2 
and (3.7) we now compute 
h2+&+X4-X,, 1,),= l, (3.22) 
o1,+x4+x7~lc)c=2 (3.23) 
since by (3.19) together with the fact that 6, = 6, = 1, the involved 
combinations are 0 on elements of even order. Hence (x4, l,), < 1 by (3.23). 
But since (x2, l,),= (&, l,),, (3.22) then shows that k4, l,), =O and 
(x2, l,), = (x3, l,), = 1, while by (3.23), (J,, l.,), = 1. Finally, we compute 
which forces 
(-‘2x5 - 62X6 + x7, ‘C), = 1 (3.24) 
Thus 
po=x1 +x2 +x3 +x7- (3.25) 
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Hence the character of g(j) 0 g(g*) 0 2 is xz t x3 t x7. However, as the 
characters of g(Q) and g(3*) are complex conjugate, this forces g(3) 0 S = 
xz, say. But dim g(3) is odd by Green correspondence, while xz( 1) is even as 
x2(r) is even by (3.19), a contradiction. 
We shall apply the same method to the remaining case. 
LEMMA 3.7. Assume case (b) occurs. Then k(B) = k,(B) = 8. 
Proof: In this case all simple modules and irreducible characters of B are 
self-dual. Thus sOli) = 1 for all i by Lemma 3.1. Now the first column of 
(3.19) yields, just as in (3.21) 
-1 t6, -t&-6,=-1 +6,=0, (3.27) 
i.e., 6, = - 1; similarly, 6, = -6,. Set 6 = 6,. From Lemma 3.2, and (3.7) we 
now compute, as in (3.22) and (3.23) 
(9 
(ii) 
(iii) 
(cx, +x2 +x3 +x&9 w= 3, 
(k +X6 +x7)k ‘C) = 37 
(xl +x2 - 6x5 ICY 1,) = 1 - 69 
(3.28) 
Assume (x7, 1,) = 3. Then 6 = 1 and 
1%3=x,+x*+x3+3x7. (3.29) 
But then lo& < 0, a contradiction by Landrock [14]. As x5 and x6 are 
algebraically conjugate by (3.19) and (3.28)(ii) shows that (x7, 1,) = 1. This 
in turn forces (x4, 1,) = 2 and consequently 
1%=x,+2x4+x5+x6+x7 (3.30) 
so in this case dim,(End,,c,(ceo)) = 8. This together with Lemma 3.5 
implies that (g(3) @g(3)*) @ S equals 2x4 as all characters are self-dual. 
Ask(B)-f(B)=3 andk(B)=7,Z(B)=4.LetZ,,E,,E2,andEbethe 
simple modules of B. We may assume that E, and E, are algebraically 
conjugate, while all are self-dual. Indeed, all xls are real by the form of the 
generalized decomposition matrix (3.19), so all irreducible Brauer characters 
are as well. Furthermore, x2 is non-rational on rx for some x E C of odd 
order by (3.19). Thus x1 is non-rational on x, which forces some Brauer 
character to be non-rational. As ( g(3) @g(3)*) @ S = 2x4 
dim,(End,,,,V, 0 g(3) 0 g(3)*) = 5 (3.31) 
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and dim,(End,,,,(X)) = 3. As all simples of B are self-dual, scl(g(3)) = 
head( g(3)*) and scl( g(3)*) = head(g(3)). The small dimension of the 
endomorphism ring immediately forces these to be simple then. Also, 
scl( g(3)) 2 head(g(3)). Thus we may assume that scl(g(3) = E, and 
head( g(3)) = E,. This contradicts the fact that g(3) and g(3)* are 
algebraically invariant. 
Thus we have proved 
THEOREM 3.8. Let G be a finite group with a Sylow 2-subgroup D of 
order 8. Then D is abelian tf and only tf the principal block of G contains 
exactly eight ordinary irreducible characters, all of height 0. 
Finally, we describe the possibilities for a principal 2-block of a group G 
with no normal subgroup of index 2 and an elementary abelian Sylow 2- 
subgroup D of order 8. Thus the inertial index e of the block equals 7 or 21, 
as the block is principal. 
The ordinary irreducible characters of any such block B, with 
corresponding idempotent e, is denoted by 1 =x,, x2,..., xs in view of 
Theoem 3.8, all of height 0. We let r E G be an involution, C = C,(r). 
Case I. e = 7. 
THEOREM 3.9. Assume e = 7. Then the root b of B in C satisfies 
l(b) = 1. Choose the trivial Brauer character as a basis. Let di be the 
generalized decomposition number of xi. Then one of the following cases 
occur 
XI 
x2 
x3 
x4 
x5 
x6 
Xl 
Xl7 
6i &Oli) (xi, lC) 
- 
1 1 1 
1 1 2 
1 1 2 
1 1 2 
-1 1 0 
-1 1 0 
-1 1 0 
-1 1 0 
(ex: PSL(2,8)) (ex: E,Z,) 
1 1 1 
-1 1 0 
1 0 1 
1 0 1 
1 0 1 (3.32) 
1 0 1 
1 0 1 
1 0 1 
Proof: As we have seen, C = KD, K = O(C) and since the Cartan matrix 
of b is (8) it easily follows that di = f 1 for all i. As in (3.10) and (3.11) we 
compute 
0119 lc)=itilIKr lK) + isi, (3.33) 
EOli)=~(-6i + OlilK, lK))* (3.34) 
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Now, B has 0, 1, 2, or 3 pairs of complex conjugate irreducible characters. 
But (3.33), (3.34), and 
\‘ diEhi) = 0 - (3.35) 
(see explanation of (3.21)) then determine hi, 1,) uniquely in each case. 
Apart from the two possibilities mentioned we get 
&Oli) oli, IC) 
XI 1 
X2 1 
x3 1 
X4 -1 
X5 -1 
x6 -1 
x7 1 
XII 1 
1 1 
1 2 
1 2 
1 0 
1 0 
1 0 
0 1 
0 1 
1 1 1 
1 1 2 
-1 1 0 
-1 1 0 
1 0 1 (3.36) 
1 0 1 
1 0 1 
1 0 1 
Thus l$?, always is the sum of exactly seven irreducible characters. 
However, by (3.15) six of these have to come in two dual families each 
consisting of three algebraic conjugates. Thus only the first two cases occur. 
The first case describes PSL(2,8) the second E, Z 7. 
CuseII. e=21 
As mentioned after Lemma 3.5, the root b of B in C has three irreducible 
Brauer characters, and we may choose a basic set ( vO, v,, vZ}, where w, and 
wz are algebraically conjugate, 
(a) complex conjugate and v0 = l,, 
(b) not complex conjugate and w,, = -1,. 
The reasoning which led to (3.19) here leads to the following generalized 
decomposition numbers: 
wo WI wz 
XI 6, 0 0 
x2 6, 0 0 
x3 0 6, 0 
X4 0 6, 0 
x5 0 0 6, 
x6 0 0 6, 
x7 4 65 65 
Xl3 66 ‘6 ‘6 
(3.37) 
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Case (a). 6, = 1 
Here we must distinguish between &(X7) = e(XJ = 1 or c(K,) = &(X8) = 0. 
THEOREM 3.10. Let e = 21, case (a). Then one of the following casses 
must occur 
XI 
Xl 
X3 
X4 
x5 
x6 
Xl 
X8 
XI 
x2 
X3 
x4 
x5 
X6 
X7 
X8 
where 6=*1. 
gen. decomp. no. E(Xi) (Xxi9 lC) 
1 
0 
0 
0 
0 
0 
2 
0 
(ex: 2G,(32”t’)) 
gen. decomp. no. dxJ (xi9 1,) 
1 
0 
0 
0 
0 
0 
1 
1 
(ex: WW,)) 
(3.38) 
(3.39) 
Proof Assume first 2, = xr,. Then orthogonality of the first column of 
generalized decomposition numbers and the column {&hi)} forces 6, = -1. 
Moreover 6, = a,, which therefore equals 1, as 
1 -x2@) + d5x7(1) + d6X8(1) = o (3.40) 
by orthogonality. For the same reason, 6, or 6, equals - 1. Now (xi, 1,) is 
determined as in the proof of Lemma 3.6. 
Assume next ~01,) = aks) = 1. Here orthogonality between the second 
column of (3.37) and {.&)} yields 6, = -S,, so, without loss of generality, 
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6, = 1 = -6,. Hence 6, = -1 by the same argument. Again S, or 6, equals 
- 1 and we compute cui, l,-). 
The first case describes 2G2(32n+‘), the second E&Z,Z,). 
Finally, we have 
Case (b). 6, = -1 
THEOREM 3.11. Let e = 21, case (b). Assume furthermore that all 
characters of B are real. Then the following case occurs 
gen. decomp. no. hi, 1) 
-1 0 0 
X5 
x6 ! 
0 o-1 0 
0 
Xl 1 
X8 1 
o-1 i 0 
1 1 2 
1 1 2 
(ex: J,) 
Proof. Using again orthogonality between the columns of generalized 
decomposition numbers and {E(J,)}, we see that all 6:s are determined from 
6,, and we get either the stated matrix or 
Computing (x,, 1,) as in Lemma 3.7 we get the following possibilities 
First matrix 
1;e^,= 1+2&+2x,+2x~, 
l;e^,= 1 +2X2+X3+X4+X)+X6; 
Second matrix 
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However, l’e,(t) < 0 in all cases but the first, a contradiction by [ 141. The 
last case describes the sporadic group J,. 
We shall not attempt to prove that in fact all irreducible characters must 
be real in case (b), as we have assumed. 
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